A function f : X → R defined on a topological space X is called returning if for any point x ∈ X there exists a positive real number Mx such that for every path-connected subset Cx ⊂ X containing the point x and any y ∈ Cx {x} there exists a point z ∈
TARAS BANAKH -MA LGORZATA FILIPCZAK -JULIA WÓDKA Definition 1. A real-valued function f : X → R on a topological space X is defined to be • returning at a point x ∈ X if there exists a positive real number M x such that for every path-connected subset C x ⊂ X containing the point x and any y ∈ C x {x} there exists a point z ∈ C x {x, y} such that |f (z)| ≤ max{M x , |f (y)|};
• returning if f is returning at each point.
Another property that will be used in our characterization of the continuity of functions with the closed graphs is called the path-continuity. Definition 2. A function f : X → Y between topological spaces is defined to be path-continuous if for any continuous function γ : [0, 1] → X the continuity of the restriction f • γ [0, 1) implies the continuity of the composition f • γ.
The following theorem is the main result of this paper. Theorem 
1.
For a function f : R → R the following conditions are equivalent:
(1) f is continuous;
(2) f has closed graph and is returning;
(3) f has closed graph and is path-continuous.
For the proof of this theorem we shall need some auxiliary notions and results. For two points a < b on the real line let [a, b] and (a, b) be the closed and open intervals with end-points a, b, respectively. To avoid confusion between notations for open intervals and ordered pairs, an ordered pair of real numbers a, b will be denoted by a, b .
A function f : X → R defined on a topological space X is called • weakly discontinuous if for any non-empty closed subset A ⊂ R the set C(f A) of continuity points of the restriction f A has non-empty interior in A;
• locally bounded at a point x ∈ X if x has a neighborhood U x ⊂ X such that the set f (U x ) is bounded in R. The following lemma is known (see [2] , [6] ) and its proof is included for the convenience of the reader. Lemma 
Assume that a function f : X → R, defined on a closed subset X ⊂ R has closed graph. Then
(1) f is weakly discontinuous;
(2) f is continuous at a point x ∈ X if and only if f is locally bounded at x;
(3) the set C(f ) of continuity points is open and dense in X.
P r o o f. For every n ∈ N consider the set K n = {x ∈ X : max{|x|, |f (x)|} ≤ n} and observe that it is compact, being the projection of the compact subset Γ f ∩ [−n, n] 2 onto the real line. Next, observe that the restriction f K n is continuous since it has compact graph Γ f ∩ [−n, n] 2 . For every closed subset A ⊂ X, the Baire Theorem yields a number n ∈ N such that A ∩ K n contains a non-empty relatively open subset U of A. Taking into account that U = C(f U ) ⊂ C(f A), we see that f is weakly discontinuous. Assuming that f is locally bounded at some point x ∈ X, we can find a bounded neighborhood U x ⊂ X such that f (U x ) is bounded and hence U x ∪ f (U x ) ⊂ (−n, n). Then U x ⊂ K n and the continuity of f U x follows from the continuity of f K n .
The weak discontinuity of f implies the density of the set C(f ) in X. To see that C(f ) is open in X, take any continuity point x ∈ X of f and find a neighborhood U x ⊂ X whose image f (U x ) is bounded in the real line. By Lemma 1(2), f U x is continuous and hence U x ⊂ C(f ). P r o o f o f T h e o r e m 1. The implication (1) ⇒ (2) is trivial. To prove that (2) ⇒ (3), assume that f : R → R is a returning function with closed graph. To prove that f is path-continuous, take any continuous map γ : [0, 1] → R such that f • γ [0, 1) is continuous. The closedness of the graph of the function f implies the closedness of the graph of the function f • γ. By Lemma 1 (2) , the continuity of f • γ will follow as soon as we check that the function f • γ is locally bounded at 1.
To derive a contradiction, assume that f • γ is not locally bounded at 1. We claim that
Assuming that lim inf Since the function f is returning at the point γ(1), there exists a positive real constant M such that for every λ < 1 there exists a point
Taking into account that the function f • γ [0, 1) is continuous and tends to infinity at 1, we conclude that the set L :
Then x ∈ L and hence x ≤ λ, which contradicts the inclusion x ∈ (λ, 1). This contradiction completes the proof of the continuity of f • γ, which implies the path-continuity of f . Let C be the family of connected components of the set C(f ). It follows that each set C ∈ C is an open connected subset of the real line. By the path-continuity of f , for each C ∈ C and its closureC in R the restricted function f C is continuous.
P r o o f. Assuming thatC 1 ∩C 2 = ∅, we conclude that the setC 1 ∪C 2 is convex and so is its interior U . The continuity of the restrictions f C 1 and f C 2 imply that f U is continuous and hence U ⊂ C(f ) and
Claim 1 implies that the complement F = R C(f ) has no isolated points. By Lemma 1, the function f is weakly discontinuous, so there exist points
By the continuity of f on the compact set K :
] is discontinuous and hence unbounded. Then we can choose a sequence (x n ) n∈ω of points of [a, b] such that |f (x n )| > M + n for all n ∈ ω. For every n ∈ ω let C n ∈ C be the unique connected component of C(f ), containing the point x n . Replacing x n by a suitable subsequence, we can assume that |f (x n )| > max{|f (x)| : x ∈ [a, b] ∩ k<nC k } for all n ∈ ω. This ensures that the components C n are pairwise disjoint and hence diam(C n ) → 0.
Replacing (x n ) n∈ω by a suitable subsequence, we can assume that C n ⊂ [a, b] for all n ∈ ω and (x n ) n∈ω converges to some point c ∈ [a, b], which is a discontinuity point of f as lim n→∞ |f (x n )| = ∞ = |f (c)|. Then |f (c)| < M by the choice of M . The graph Γ f of f is closed and hence is disjoint with the set [c − ε, c + ε] × {−M, M } for some ε > 0. For every n ∈ ω write the component C n as C n = (a n , b n ) for some points a n < b n in the set [a, b] ∩ F . Since x n → c and |b n − a n | → 0, there exists n ∈ ω such that (a n , b n ) ⊂ [c − ε, c + ε].
Since |f (a n )| < M < |f (x n )|, the Mean Value Theorem applied to the continuous function f [a n , x n ] yields a point z n ∈ [a n , z n ] with |f (z n )| = M . Then By the sequentiality or the first-countability of X, there exists a sequence {x n } n∈ω ⊂ X A that converges to a point x ω ∈ A.
If X is locally contractible, then there exists a neighborhood V ⊂ X of the point x ω and a continuous map h : V × [0, 1] → X such that h(x, 0) = x and h(x, 1) = x ω for all x ∈ V . Replacing (x n ) n∈ω by a suitable subsequence, we can assume that {x n } n∈ω ⊂ V . Consider the homotopy
and observe that H(x, 0) = H(x, 2) = x ω and H(x, 1) = x for every x ∈ V . Define a path γ : [0, 1] → X by γ(0) = x ω and γ(t) = H(x n , 2 n+2 t − 2) where n ∈ ω is the unique number such that 1 2 n+1 < t ≤ 1 2 n . It is clear that the function γ is continuous at each point t ∈ (0, 2]. To see that γ is continuous at 0, fix any neighborhood W ⊂ X of γ(0) = x ω and using the continuity of the function H at points of the compact set
Since the sequence (x n ) n∈ω converges to x ω , there exists a number m ∈ ω such that {x n } n≥m ⊂ U . Then
witnessing that γ is continuous at 0. Next, assume that the space X is first-countable and locally path-connected. In this case we can find a countable neighborhood base {U n } n∈ω at x ω such that for every n ∈ ω and point x ∈ U n+1 there exists a path γ x : [0, 1] → U n such that γ x (0) = x and γ x (1) = x ω . Since the sequence (x k ) k∈ω converges to x ω , for every n ∈ ω there exists a number k n ∈ ω such that x kn ∈ U n+1 . By our assumption, there exists a path γ n : [ 1 2 n+1 , 1 2 n ] → U n such that γ n ( 1 2 n+1 ) = γ n ( 1 2 n ) = x ω and γ n ( 3 2 n+2 ) = x kn . The paths γ n , n ∈ ω, compose a continuous path γ : [0, 1] → X such that γ(0) = x ω and γ [ 1 2 n+1 , 1 2 n ] = γ n for all n ∈ ω.
RETURNING FUNCTIONS WITH CLOSED GRAPH ARE CONTINUOUS
Taking into account that 0 ∈ γ −1 (x ω ) ⊂ γ −1 (A) and 3 2 n+2 ∈ γ −1 (x kn ) ⊂ γ −1 (X A) = X γ −1 (A) for all n ∈ ω, we see that the set γ −1 (A) is not open in [0, 1]. Remark 1. Proposition 1 implies that each sequential linear topological space over the field R is path-inductive (being locally contractible). In particular, the inductive limit R ∞ = lim − → R n of an increasing sequence of finite-dimensional Euclidean spaces is a sequential path-inductive space, which is not first-countable. On the other hand, the Sierpiński triangle is first-countable locally path-connected but not locally contractible.
Theorem 1 implies the following its self-generalization.
Theorem 2. For a real-valued function f : X → R on a path-inductive topological space X the following conditions are equivalent:
(2) f is a returning function with closed graph;
(3) f is a path-continuous function with closed graph. The following examples show that the closedness of the graph is essential in Theorems 1 and 2. is path-continuous but not returning.
Theorems 1 and 2 motivate studying returning functions in more details. The following proposition was suggested by the referee. P r o o f. Assuming that X is uncountable, we can find n ∈ N such that the set X n = {x ∈ X : |f (x)| ≤ n} is uncountable. Being uncountable, the set X n contains a point x such that for any ε > 0 the sets X n ∩ (x, x + ε) and X n ∩ (x − ε, x) are not empty. Now Definition 1 ensures that f is returning at x, which contradicts the choice of x ∈ X.
Next, we show that the set X is nowhere dense in R. To derive a contradiction, assume that the closure of X contains some interval I = (a, b). For every n ∈ N consider the set I n := {x ∈ I : |f (x)| ≤ n}. Since I = n∈N I n , we can apply the Baire Theorem, and find n ∈ N such that the closure of the set I n contains some open interval (c, d) ⊂ (a, b). Now Definition 1 ensures that f is returning at each point x ∈ (c, d) , which implies that X ∩ (c, d) = ∅ and hence X ∩ (a, b) is not dense in (a, b).
Remark 2. It is easy to construct a function f : R → R which is not returning at a countable dense set of points of the standard Cantor set in R.
Next, we show that the class of returning functions on the real line is quite wide and contains many known classes of real-valued functions possessing some generalized continuity properties.
Let us recall that a function f : X → R on a topological space X is called • peripherally bounded if for any point x ∈ X there exists a bounded set B ⊂ R such that for any neighborhood O x ⊂ X of x there exists a neighborhood V x ⊂ O x of x such that f (∂V x ) ⊂ B.
Here by ∂V x we denote the boundary of V x in the topological space X. For more information on these classes of functions, see the survey of Gibson and Natkaniec [11] .
For any function f : X → R these notions relate as follows (by a simple arrow we denote the implications holding under the additional assumption X = R): 
